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Attractors and Attractor

Reconstruction:

Attractors:

Trajectories in phase
space converge toward
attractors. Simple,
‘normal’ examples of
attractors include
points, limit cycles, and
saddle points. Chaotic
Attractors are where it
gets interesting. They
are called ‘strange
attractors’ and have a
fractal structure and
non-integer dimension

Why Attractor
Reconstruction:

Our position data is unbounded (i.e. the pendulum
is free to spin in one direction) so analyzing
nearby trajectories in regular phase space would be
unfeasible. We could analyze folded position data,
similar to how we make Poincare plots, but it has
discontinuities

The velocity time series, however, doesn’t have
these problems and is readily derived from
experimental data with the Java analysis package.
As a result, the velocity series is a good candidate
for analysis. Wolf’s programs ‘BASGEN’ and ‘FET’
are written to utilize such a time series, and with
slight modification can work on our data.

Time Delay (tau)

Autocorrelation function as a function of Tau

A correlation
function can help in 15
choosing a reasonable
value for Time Delay (1) .
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Poincare section movies

display ‘stretching’ and
‘folding’ behavior necessary

for chaotic processes..
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Are these chaotic
attractors?

But time-delay

reconstructed attractors
are conducive for analysis.
(Poincare and reconstructed
attractor from same data)

Time Delay Attractor
Reconstruction

Thankfully, although El time-delay
reconstructed attractor is different than the
actual wunderlying attractor, it has the same
properties such as Lyapunov exponents and

dimension measurements.

What we want to do is build an attractor from
a time series of one variable, angular velocity
in our case. There are two significant
parameters that dictate the process, time delay
(tau) and embedding dimension.

For example, given a time series of one variable:
(Fakisssak,)

A time delay reconstruction for a given delay
time (1), and embedding dimension (d), would be:
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Embedding Dimension:

False Nearest Neighbor Ratio as afunction of

The idea of False

Embedding Dim:
Nearest Neighbors 1.20
can help determine 1.00
adequate embedding 0.80
dimension.
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Embedding Dimension

Lyapunov Exponents:

Quantifying Chaos

Lyapunov Exponent Defined:
g(n)~ g™

Lyapunovy Exponentsj foften. denoted by A, give the average rate of
divergence between meighboring trajectories 1in an attractor, the
‘stretching’ characters of the rattractor. This provides a quantitative
measure of .the extréeme sensitivity to initial conditions, indicative of
chaos.

There is™a specibrum ofleXponents corresponding to the number of
independent vardiablest inJEREESyStem, but we are most concerned with the
dominant, 1s%‘gleXpenenty liyapunov exponent can be +,-,0 depending on
the behaviq#s For lesfample, " a dissipative run would have a negative
dominant Lyaptnov fexgpopents (frajectories converge). Periodic behavior
would hawe W& zerdieminant gll.yapunov exponent, (trajectories neither
converge_lOF t:iiveﬁef..u Chaogic behavior has a positive dominant Lyapunov
exponenth

Wolk¥>s Algorithm:
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Welf’s programs average individual locally calculated Lyapunov
exponents from time t=0 to M on a time-delay reconstructed attractor.
Time-delay attractor reconstruction proved to be an integral part of this
project.

The Lyapunov Exponent calculation has to be built as an average of

local divergences because of the ‘folding’ nature of the attractor. If
trajectories are followed too far forward in time, they may come back
close together again, skewing the measured divergence and resulting
Lyapunov exponent calculation.
Conclusions:
Through this investigation I have learned much about chaotic
attractors, attractor reconstruction, and Lyapunov exponents, although

there is much more material worthy of investigation. I have acquired a
better understanding of appropriate parameter values, namely tau and the
embedding dimension, for time=delay attractor reconstruction, but the
resulting Lyapunov exponent calculation is not as parameter independent
as I would have hoped.

I would estimate the dominant Lyapunov exponent for our system to be
~2 bits/sec. We lose the ability to predict what our system will do at a
rate of -2 bits a second.
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Determining Lyapunov Exponents



